Fuzzy Sierpinski space  by Srivastava, Arun K
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 103, 103-105 (1984) 
Fuzzy Sierpinski Space 
ARUN K. SRIVASTAVA 
Department of Mathematics, Banaras Hindu University, Varanasi-221005, India 
Submitted by L. A. Zadeh 
Received September 2, 1982 
Recently, Kerre [ 11 introduced the concept of a fuzzy Sierpinski space. We give 
here an alternative definition and establish its appropriateness. 
1. INTR~OUC~~N 
The (usual) Sierpinski topology on a two-element set X consists of all 
subsets of X containing a fixed element of X, along with the empty set. This 
structural description of the Sierpinski topology has been recently used by 
Kerre [l] to define a fuzzy Sierpinski space. However, there is also a 
behavioural description of the Sierpinski space which is both interesting and 
important. For example, one well-known property of the Sierpinski space is 
that it acts as “an open subset classifier.” Moreover, with the help of the 
Sierpinski space, one can characterize, up to isomorphism, the category of 
topological spaces in a suitable class of categories (see Manes [2, 
pp. 154-1551). We introduce here the notion of the fuzzy Sierpinski space, 
different from the one due to Kerre [ 11, whose behaviour is similar to that of 
the (usual) Sierpinski space, and therefore, we believe it to be the correct 
one. 
2. PRELIMINARIES 
First, we recall the following. A fuzzy set in a set X is an element A E Ix, 
where Z is the closed unit interval. A fuzzy topology on X is a family t E Ix 
closed under arbitrary suprema and finite intima. If f: X+ Y is a function 
then the inverse image of B E I’ under f is defined to be B 0 f E Ix. Fuzzy 
open set, fuzzy continuity, base, and subbase for a fuzzy topology and the 
product of fuzzy topologies have obvious meanings. 
In Kerre [ 11, p E Zx is called a fuzzy singleton of X if it is zero everywhere 
except at one point of X. If p is a fuzzy singleton of X = {0, 1 } then 
T, = (A E Zx:p E A} U {d} has been called in [ 11, a fuzzy Sierpinski 
topology on X. In the sequel, it will be clear why this definition is not 
satisfactory. 
The following categorical concepts are from Manes [2]. 
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A category C of sets with structure is defined by the following two data 
and two axioms: 
C assigns to each set X a class C(X) of C-structures on X. A C-structured 
set is a pair (X, s) with s E C(X). 
C also assigns to each pair (X, s), (Y, t) of C-structured sets a subset 
C(s, t) of the set of all functions from X to Y; we write “$ (X, s) -+ (Y, t),’ in 
case fE C(z, t) and say that ‘f is admissible in C.” The axioms are: 
AXIOM Al. Zf f: (X, s) -+ (Y, t) and g: (Y, t) + (2, u) then also 
g of: w, s) + (Z, u>. 
AXIOM A2. Given a bijection f: X -+ Y and t E C(Y), there exists a 
unique s E C(X) such that $: (X, s) + (Y, t) and f - ’ : (Y, t) -+ (X, s). 
Clearly, both TOP, the category of topological spaces and FTOP, the 
category of fuzzy topological spaces, are categories of sets with structure. 
Let C be a category of sets with structure. A family A: (X, s) -+ (Xi, Si) of 
C-admissible maps is optimal if for every C-structured set (Y, t) and function 
g: Y--t X, g: (Y, t) -+ (X, s) provided that fi 0 g: (Y, t) + (Xi, s,) for each i. An 
optimal Zift of (f;: : X -+ (X,, si)) is a structure s E C(X) such that 
Ji: (X, s) -+ (Xi, si) is an optimal family. An objects S in C is a Sierpinski 
object if for every X in C the family of all C-admissible maps X-t S is 
optimal. 
3. FUZZY SIERPINSKI SPACE 
Let S = Z, the unit interval. It is obvious that u = (4, S, i}, where i E I’ is 
the identity function, is a fuzzy topology on S. We call (S, u) the fuzzy 
Sierpinski space. The following observations establish the appropriateness of 
this concept of fuzzy Sierpinski space. 
THEOREM 1. (S, u) is a Sierpinski object in FTOP. 
ProoJ First, we note that if (X, t) is fuzzy topological space then A E t 
iff A: (X, t)+ (S, u) is fuzzy continuous. Next, if (4: (X, t)+ (S, u)) is the 
family of all fuzzy continuous functions from (X, t) to (S, u) then we wish to 
show that this family is optimal or that t is the fuzzy topology on X induced 
by all J’s. To see this, let t’ be any other fuzzy topology on X making allfls 
fuzzy continuous. If A E t then A : (X, t) + (S, u) must be continuous and so 
also A: (X, t’) + (S, u). But then A E t’. Thus, t c t’, showing that t is the 
smallest fuzzy topology on X making A’s continuous. 
Let Struct(Set) denote the category of all categories of sets with structure. 
Compare the following theorem with the one in Manes [2, p. 1551. 
THEOREM 2. Let C be in Struct(Set). Then C is isomorphic to FTOP in 
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Struct(Set) tfl there exists a “fuzzy Sierpinski space” (S, u) in C with 
underlying set [0, l] satisfying the following five conditions: 
(a) Every family&:X-+ (S, u) has an optimal lift. 
(b) The map sup: (S, u)~ + (S, u) is admissible in C for every set X 
(here (S, u)’ = (S”, t), where t is obtained by taking the optimal lift of all 
projections Sx -+ (S, u)). 
(c) The map inf: (S, u)~ -+ (S, u) is admissible in C for every finite set 
X. 
(d) (S, u) is a Sierpinski object in C. 
If (X, s) is in C say that A E Ix is fyzzy open in (X, s) ifA: (X, s) -+ (S, u) 
is admissible. Say that a family Ai E Ix of fuzzy open subsets in a subbase if 
(A i: (X, $1 + (S, u )> is an optimal family. The final condition is: 
(e) If 5‘ is a subbase and tfA is fuzzy open then A is a union offinite 
intersections of elements of 9. 
Proof. First, it is clear that FTOP satisfies (a), (d), and (e). That FTOP 
also satisfies (b) and (c) is less clear so we show it. Note that t, the product 
fuzzy topology on SX, has a natural subbase consisting precisely of all the 
projections px: Sx --t S, x E X. This and the fact that sup-‘(i) = sup = 
V { px: x E X} show that sup: (S, u)* + (S, u) is fuzzy continuous. Similarly, 
inff ‘(i) = inf = A { px: x E X} and so it is open if X is finite. This shows that 
inf: (S, u)~ -+ (S, u) is fuzzy continuous if X is finite. Thus, FTOP satisfies 
(b) and (c) also. 
The proof can now be completed by producing for each set X a bijection 
between C(X) and 7(X), the set of all fuzzy topologies on X which 
interprets the C-admissible maps as the fuzzy continuous maps. The obvious 
way, of course, is to associate with each s E C(X) the fuzzy topology 
t, E .9(X) for which A E Ix is fuzzy open if A: (X, s) + (S. u) is C- 
admissible. We need to check that t, is indeed a fuzzy topology on X but 
then condition (b) and (c) are meant to ensure just this. To see this, let 
(Aj, j E J) be a family of fuzzy open sets. The map f: (X, s) -+ (S, u)~ defined 
by f(x)(j) = A,i(x), x E X, j E J, is easily seen to be C-admissible and 
sup 0 f = U {Aj: j E J}. Hence U {Aj: j E J} is also fuzzy open. Similarly, if J 
is finite, then inf 0 f = n{Aj: j E J} and so fl{Aj: jG I} is also fuzzy open. 
Thus, t, is a fuzzy topology. Condition (d) clearly says that f: (X, s) --t (Y. a) 
is C-admissible precisely when f -‘B E t, for each B E t,.. 
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